To the memory of Arthur Prior
Formal properties of ‘now’
by

HANS KAMP
(University of Amsterdam)

This paper is about the word ‘now’. It is closely related to the
article [2] by professor A. N. Prior. In that article Prior gives an
extensive, and undoudbtedly correct analysis of the semantical
function of the word ‘now’ in ordinary discourse. He then devel-
ops a number of logical calculi which contain formal counter-
parts of the word ‘now’, as well as of certain other temporal
notions and the truth-functional connectives. In some of these
calculi ‘now’ is formalized as a l-place propositional connective,
while in others it is represented by a propositional constant. As I
believe that ‘now’—like so many adverbs and adverbial clauses—
should be regarded as a propositional modifier, I prefer the calculi
of the first sort; and thus I will restrict my attention to them.

I will for these, and similar, calculi formulate the semantics,
and then prove a number of metamathematical results about
them. The most important of these results have the following
form: Let £(N) be such a calculus, and let £ be the calculus ob-
tained by omitting the ‘now’-operator from L({N). If an axiom
system A for £ is semantically complete then so is a closely to A
related axiom system A4’ for £(N).

These results provide us with a number of different complete-
ness theorems for some of the ‘now’-calculi considered, since for
the corresponding calculi without the ‘now’-operator, many
complete axiom systems are already available.

For propositional calculi these results are quite easily obtained.
For in these calculi the ‘now’-operator is, as it will turn out,
always eliminable—i.e., every formula containing the operator
is equivalent to a formula in which the operator does not occur.
Thus, to obtain from a given axiom system A4 for the calculus
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without ‘now’ a complete axiom system for the calculus with
‘now’ it suffices to add axioms which make it possible to prove
the equivalence between any formula and its ‘now’-free equivalent.

In the predicate calculi which we will consider a formula con-
taining ‘now’ is not always equivalent to a formula without ‘now’.
This fact is intuitively obvious, but nonetheless somewhat
difficult to show. A proof is given in the last section. Because not
all formulae of our predicate calculi are equivalent to ‘now’-free
formulae the completeness result has to be proved by means
other than those used for the propositional calculi. The results
obtained are somewhat less general than those for the pro-
positional cases.

Before I proceed with the formal part of this paper I will, on
the danger of repeating some of the points of Prior’s article, give a
short informal discussion of the behaviour of ‘now’ in English. My
reason for this is twofold. In the first place I hope that a few
informal remarks will make it easier to understand the formal
definitions of the semantics which will follow later. In the second
place I want to make it clear—before I embark upon technical
developments which otherwise might seem pointless—that the
word ‘now’ is not vacuous, in the sense that whenever some-
one makes a true, or false, statement by uttering a certain sen-
tence in which the word ‘now’ occurs, he would also have made a
true, or false, statement if he had uttered instead the sentence
which is obtained if the word ‘now’ is omitted from the first
sentence.

Some people have indeed thought that ‘now’ is vacuous in this
sense. If they had been right this paper should not have been
written. But they are not. To see this let us consider an argument
which is sometimes given in support of the view that ‘now’ is
vacuous. It starts from the following observation: Suppose that
I make a true statement by uttering at time t a certain sentence,
e.g., the sentence ‘it is raining’. Then I would also have made a
true statement if I had uttered at t the words ‘it is now raining’.
Similarly, if the statement made by uttering the first sentence
had been false, then so would have been the statement made by
uttering the second sentence. This observation is certainly cor-
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rect. And it remains correct if we replace the words ‘it is raining’
by any other English sentence in the present tense. But it is
wrong to conclude from this that all occurrences of the word ‘now’
are vacuous. In fact, consider the sentences:

(1) ‘I learned last week that there would be an earthquake.’
(2) ‘I learned last week that there would now be an earth-
quake.’

Obviously there could be circumstances under which I would
make a true statement if I uttered the first sentence, but a false
one if I uttered the second.

The function of the word ‘now’ in (2) is clearly to make the
clause to which it applies—i.e., ‘there would be an earthquake'—
refer to the moment of utterance of (2), and not to the moment,
or moments, (indicated by other temporal modifiers that occur
in the sentence) to which the clause would refer (as it does in (1))
if the word ‘now’ were absent. A little reflection shows that this
principle correctly describes the function of the word ‘now’ in all
of its occurrences. It explains in particular why the occurrence of
‘now’ in ‘it is now raining’ is vacuous. For there the clause to
which ‘now’ applies, viz., ‘it is raining’, is understood in any case
to refer to the moment of utterance, whether ‘now’ be present
or not.

This establishes that the word ‘now’ does not always occur
vacuously. However, we have also seen that an occurrence of
‘now’ can be only non-vacuous if it occurs within the scope of
another temporal modifier. Thus a formal analysis of ‘now’ will
be of any interest only if it takes also other temporal operators
into account. As a matter of fact the most interesting non-vacuous
occurrences of ‘now’ are in sentences which contain besides such
other temporal operators also propositional modifiers of a non-
temporal character, e.g., modal, epistemic, or deontic operators.
Sentence (1), in which the operator ‘I learn that’ occurs, is a case
in point.

In this paper I will nonetheless consider besides ‘now’ only
operators of a purely temporal nature. The reason is mainly one of
expedience: For those operators which I will consider a compre-
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hensive and satisfactory analysis has already been carried out, and
we know a great deal about the systems to which this analysis
has led. I will make use of that information to obtain the formal
results which will follow. On the other hand relatively few formal
systems are so far available in which temporal as well as non-
temporal operators are represented. I believe, however, that the
analysis given here will make the extension of such systems with
a ‘now’-operator a straightforward matter once they will have
been developed without ‘now’.

My brief statement of the general function of the word ‘now’

may suggest that, even if the word is not vacuous, its semantical
behaviour is too simple to justify a formal analysis. However, it
turns out that a proper treatment of now’ together with the
other temporal operators which I will consider is not totally
trivial, as the semantics developed earlier for these operators can
not be extended in an entirely automatic manner so as to cover
‘now’.
Nonetheless the reader may still have the feeling that the
amount of attention paid to the word ‘now’ in this paper is
excessive. | will end this introduction with a few remarks aimed
at dispelling that feeling.

In the first place it should be observed that the feature which
distinguishes ‘now’ from those temporal modifiers which had
already been satisfactorily treated previously is to be found also
in a number of other temporal concepts, e.g., in those expressed
by the words ‘today’, ‘yesterday’, ‘last week’, ‘next year’, etc.,
as well as, to some extent, in the word ‘then’. Thus the analysis of
‘now’ given here is also a paradigm for similar analyses of those
other concepts.

- In the second place I want to point at a phenomenon which is
connected with the use in English of the ordinary past and future
tenses, but which, to my knowledge, has so far been overlooked
by tense logicians, and which is intimately related to the analysis
of ‘now’ given here. I have said repeatedly in this introduction
that a satisfactory analysis already exists for a number of temporal
notions. Among these notions are the past and future tenses.
The past tense is in this analysis represented by a 1-place pro-
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positional operator P, which should be thought of as transforming,
in particular, sentences in the present tense into the correspond-
ing sentences in the past tense. Thus Py can be read as ‘it was
the case that ¢’, and, in particular, if ¢ is, e.g., the sentence ’it
rains’, as ‘it rained’. Similarly the future tense is represented by
the I-place operator F, so that Fp can be read as ‘it will be the case
that ¢'. The semantics stipulates that a formula Py is true at a
moment t if and only if ¢ is true at some moment preceding ¢;
and that Fg is true at t if and only if ¢ is true at some moment
following t. Thus, in particular, PFg is true at t if and only if there
is a moment t” before t such that ¢ is true at some moment later
than t'. Now compare the following two sentences:

(3) ‘A child was born that would become ruler of the world.’
(4) ‘A child was born that will become ruler of the world.’

It is clear that while the first sentence would be true if at some
past time ¢ a child was born to become ruler of the world at some
time t’ later than t—whether that time ¢’ be before, identical
with, or later than the present—the second sentence would be
true only if the child is to become ruler at a time later than the
present. It follows that (3) can be correctly rendered in the
following form: :

P(3x) (x is born A F(x is ruler of the worldj).

But for (4) no correct symbolization with the help of only P, F,
and the apparatus of ordinary predicate logic is possible.! How-
ever, if we have at our disposal also the ‘now’-operator N, (which
will be introduced in Section 2), we can symbolize (4) properly as

1 1 of course exclude the possibility of symbolizing the sentence by means of
explicit” quantification over moments. Such a symbolization of (2} would
certainly be possible; and it would even make the operators P and F super-
fluous. Such symbolizations, however, are a considerable departure from the
actual form of the original sentences which they represent—which is unsatis-
factory if we want to gain insight into the semantics of English. Moreover, one
can object to symbolizations involving quantification over such abstract objects
as moments, if these objects are not explicitly mentioned in the sentences
that are to be symbolized.
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P(3x) (x is born A NF(x is ruler of the world)).

The semantics developed in Section 2 will indeed show that this
symbolization is adequate.

§1.

I will assume throughout this paper the existence of an infinite
class € and a well-founded concatenation function C on £.2 £ will
be referred to as the set of expressions. § will be the class £-Range
C; its members will be referred to as the symbols of £&. Whenever
e, e € &, we will write ee, instead of C ({ey, €2)).

We assume that § contains symbols (, ) (called parentheses);
41, 45 ,... (called propositional constants); and for each n € w sym-
bols C7, Cz, Cz,... (called n-place connectives). We will refer to
C}, G, G, CLL C2as N, ~, G, H, A, respectively.

By a language for propositional tense logic we understand a set
consisting of the symbols (, ), ¢; (i=1, 2,...) and some of the
symbols C?. The formulae of a language L for propositional tense
logic are defined by:

perINITION 1. (i) ¢; is a formula of £; (i) if C? € Land ¢y,..., ¢,
are formulae of £ then C¥(g; ... ¢,) is a formula of C.

I will always write (pAy) in stead of A(p ). Furthermore, (pvy)
will stand for ~(~@A~y); (p > ) will stand for (~¢ vy);
(p <> y) will stand for (p > y)a (y > ¢); Pp for ~(H(~)¢));
and Fg for ~(G ( ~(¢))). Parentheses will be omitted whenever no
confusion is possible. In particular I will always write ~¢, N,

‘2 By a well-founded concatenation function F on a class S we understand a
function from S X S into S, such that:
() FLFsnr 520), 530) = F (510 Fsar 5a0));
(ii) if F({sy, 520) = F({53, 5¢)) then either (s, =5, and 5, =s,) or there
is an s €S such that s, = F(<s;, 5)) and 5, = F({s, 5,)) or there is an
s €8 such that s, = F({s;, s)) and s, = F{{s, 5.));
(iii) there is no infinite sequence s, sy, sy, ... of elements of S such
that for each n € @ there is a t €S such that s, = F(t, s,.4) or s, =

J(Snﬂ: 1).
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Hep, Gg instead of ~(¢), N(®), H(¢), G(¢), respectively. The
formulae Ng, Hp, Go are read as ‘it is now the case that ¢’, ‘it
has always been the case that ¢’, and ‘it will always be the case
that ¢, respectively.

T will always be a non-empty set and < a partial ordering (i.
e., a transitive and asymmetric relation) on T. J will be the pair
<T,<>.We think of T as the set of moments and of < as the
earlier-later relation between them.? The numbers 0 and 1 will be
used as truth-values, 1 for truth and O for falsehood.

Before turning to the ‘now’-calculus itself, I will first consider a
simpler system, £;, the connectives of which are ~, A, H, G. As
the syntax of £, has already been defined, I will proceed at once
with the semantics.

I feel that this paper—which is concerned with the specific
properties of ‘now’—is not the place where I should give an ex-
tensive justification of the principles on which tense logic is
based and which underlie in particular its semantics. Therefore
I will restrict myself to a few explanatory remarks to make the
following formal definitions more understandable.

Tense logic belongs to a type of logic in which is explicitly
adopted a feature of natural languages that has no part in the
standard systems of mathematical logic (as, e.g., the ordinary
predicate calculus): In natural languages we can in many cases
use the same linguistic form under different circumstances—
and, in particular, at different times—to make different state-
ments. So we may use the expression ‘it rains’ at one time to
make a true statement and at another to make a false one. Since
the truth-value of the statement made by using the expression

3 Unlike Prior I assume, throughout this paper, that the relation ‘earlier than’
between moments of time is a partial ordering. My reason is this: Tense logic
is concerned with the analysis of the logical properties of certain temporal
notions. Such an analysis must perforce start from the naive intuitions which
we have about these notions. Now, in my opinion, our belief that the earlier-
later relation between moments is a partial ordering plays such a central role
in the network of intuitions which we have about temporal notions, that un-
less we uphold that belief we have no ground for relying, to any degree what-
ever, on our intuitions about the notions which we want to analyze.

16 — Theoria 3:1971
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at t varies with ¢, the expression can not be said to have a truth-
value all by itself. However, if we assume that the truth-value of
the statement is completely determined by (a) the expression
used and (b) the time of utterance,* we may conclude that the
truth-value of the statement made can be regarded as a function
of only these two factors; and thus we may consider for every
(appropriate) expression the concept of ‘the truth-value of that
expression at an arbitrary moment t'. With the help of this con-
cept of ‘being true at t’ we can give a semantical analysis of those
temporal notions with which tense logic is concerned, e.g., the
notion represented in L, by the operator H. For we can state in a
general and systematic way how the truth-value of a formula Hy
depends on the truth-values of ¢ at t and at other moments. For
this purpose we need semantic structures which are not the mo-
dels of standard model theory—which simply specify a truth-value
for each atomic formula of the language that they interpret—
but rather structures which specify for every formula a truth-
value at each moment of time. This is just what the interpretations

defined below do.

DEFINITION 2. M is an interpretation for L, relative to T, iff M is a
function such that

(1) the domain of M consists of g4, ¢s,....; and
(2) for each i>0 M(q,) is a function with domain J and range
included in {0, 1}.

On the basis of the preceding remarks the truth definition for
complex formulae is straightforward given the intended meanings
of the connectives ~, A, H, G.

4 This assumption is of course an idealization, which precludes the proper
treatment of large portions of natural languages, viz., of those parts where the
truth-value of the statement made depends not only on the form of the ex-
pression used and the time of utterance, but also on other aspects of the situa-
tion, e.g., the identity of the speaker—compare, e.g., the sentence of the words
‘T am hungry’. However, to the analysis of the purely temporal notions with
which tense logic is concerned, this idealization will do no harm.
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pEFINITION 3. Let ™ be an interpretation for L,, relative to J.
For any formula ¢ of C; and t € T the truth-value of ¢ in M at t,
relative to J, (in symbols: [@]%, ;) is defined as follows:

(1) [g.]%m =1 iff M(g)=1;
(2) if ¢, y are formulae of C;, then

. s _[Lif [oln .=0;
@ [~elm, ‘_{O otherwise;
1if [p] % ;=1and [¥]% =1;

(i) [pav]a, ‘={0 otlllq;]r::‘iste' ond
1forifallt’ € Tsuchthatt' <t [p]} +=1;
0 LT T <,

i _[lifforallt' € Tsuchthatt <t [@]%, =1,
(iv) [Gelm ‘_{0 otherwise.

perINITION 4. A formula ¢ of C, is valid, relative to J, iff for every
interpretation M for C,, relative to J, and every t €T, [p] 3, ;= 1.

Clauses 2. (iii) and 2. (iv) of definition 3 suggest that the set of
valid formulae of £; may depend on the structure of J. This is
indeed the case: There are partial orderings J and J’ such that
the set of valid formulae, relative to T, is different from the set
of valid formulae, relative to J’. Thus, intuitively, we may, in as
far as we are ignorant of the structure of time, well be unable to
determine which formulae are to be regarded as intuitively
‘tense logically valid’ (i.e., valid on the basis only of how propo-
sitional connectivas and tenses occur in them). However, once we
assume that time has certain properties (e.g., that it is dense) we
can regard at least some formulae as tense-logically valid, viz.,
those which are valid relative to all partial orderings which have
these properties. It is thus natural to introduce the following
notion of validity.

pEFINITION 5. Let X be a non-empty class of partial orderings. A
formula ¢ of C, in X-valid iff for every TJ€ X, ¢ is valid, relative
to J.
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There is a slightly different, but obviously equivalent, way in
which we can develop the semantics for £;. This development
makes use of a new kind of interpretation. In order to avoid
ambiguity I will call interpretations of this new kind interpreta-
tions,, and I will refer to the interpretations of Definition 3 as
interpretations,.

DEFINITION 6. An interpretation, for C;, relative to J, is an ordered
pair consisting of an 1nterpretat10n1 for C,, relative to 7, and a
member of T.

perINITION 7. For every interpretation, <M, t,> for C,, relative
to J, any formula ¢ of £, and any t €T, the truth-value of ¢ in
<M, ty> at t, relative to T (in symbols [¢] Lm, ;,>, o) is the truth-
value of ¢ in M at ¢, relative to 7.

DEFINITION 8. ¢ is valid,, relative to J, if for every interpretation,
<M, t,> for Cy, relative to T, [¢] Zm, 1>, ;= 1.

As can be seen from Definitions 2, 3, 4, 6, 7, 8 the two develop-
ments differ only in their respective characterizations of validity
in terms of truth. While according to the first characterization
(Definition 4) a formula is valid only if it is true in each interpreta-
tion at each moment, the second characterization (Definition 8)
demands only that the formula be true in each interpretation at
one particular moment. One may think of that moment as the
‘present’ of the interpretation in question. Thus Definition 4 is
based on the idea that we are, so to speak, interested only in
what formulae are true at the present time; the truth-values of
formulae at other moments are important only in so far as they
determine the truth-values of certain more complex formulae at
this present time.

At this point the two approaches are of course trivially equiv-
alent. But we will see later that when we add the operator N to
L,, to represent ‘now’, the difference between the two approaches
becomes important; and that while the first is probably intuitively
the more natural, the second leads to a considerable technical
simplification of which we will make use in subsequent proofs.
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Finding axion systems which generate the ‘valid’ formulae of C,;
is a complex task. Indeed, every particular partial ordering J gives
rise to an axiomatization problem of its own—viz., the problem of
finding an axiom-system that will generate all and only those
formulae which are valid relative to J—and so does every non-
empty class of partial orderings. Problems of this sort, however,
will not be of my concern in this paper. Rather I will show how
an axiom system A for £, can be modified into an axiom system
A’ for the ‘now’-calculus defined below, so that if 4 generates the
set of all formulae of £, which are valid relative to J [X-valid]
then A’ will generate the set of all formulae of the ‘now’-calculus
which are valid relative to J [X-valid]. Since for several partial
orderings and classes of partial orderings axiom systems gener-
ating the corresponding sets of valid formulas have already been
given by others, this procedure will provide us with an equal
number of complete axiom systems for the ‘now’-calculus.

We now turn to the ‘now’-calculus itself. Let C, be the lan-
guage £, U {N}. The interpretations for C,, relative to J, are simply
the interpretations for C,, relative to J.

The truth definition for £,, however, cannot be obtained by a
straightforward adaptation of the corresponding definition for
C, (Definition 3). The difficulty stems from the peculiar behavior
of the word ‘now’, which our truth definition should reflect. An
essential feature of the word ‘now’ is that it always refers back
to the moment of utterance of the sentence in which it occurs,
even if it stands itself in that sentence within the scope of one or
more tenses. It is this feature that makes the English counterparts
of, e.g., > No A HNg A GNg (‘if it is the case that ¢, then it is
now the case that ¢, it always has been the case that it is now the
case that ¢, and it always will be the case that it is now the case
that ¢') logically true. Thus our truth definition should be such
that it makes in particular this formula valid. Such a truth defi-
nition cannot be obtained simply by adding to Definition 3 a
clause of the form:

1iff &;
0 otherwise.

(1) Nelw, =]
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For if the definition correctly reflects the behavior of ‘now’ then it
should make the formula

(2) 90— Ngq

valid, relative to any partial ordering, as any English counterpart
of this formula is clearly true irrespective of the structure of
time. This implies that the condition @ in (1) should be equivalent
to the condition that [¢]%, , =1. But if @ is equivalent to this con-
dition, then the formula ¢, — Ng; A HNg, A GNg, will be not
valid, relative to any partial ordering J which has at least two
points. For in any interpretation based upon such a J in which ¢,
is true at only one moment, t say, Ng, will, according to (1), also
be true only at t, and therefore ¢; — Ng; A HNg, A GNg, will
be false at t. Thus an adequate truth definition of this form cannot
be found.

This argument may suggest where the difficulty lies: the truth-
values of HNg; (GNg,) depend on the truth values of Ng, in a way
which is different from the manner in which the truth values of
Hq, (Gq,) depend on the truth values of ¢,; and any definition
obtained by adding a clause of the form (1) to Definition 3 will be
incapable of doing justice to that difference. In order to find an
appropriate truth definition let us recall the remark, made above,
that “the word ‘now’ refers back to the moment of utterance”. In
view of this fact we should, if we want to analyse the truth of
formulae that contain N in terms of the truth-values of their
components, “keep track” during this analysis of the moment of
utterance of the entire expression. The concept we ought to
analyze is not simply “the truth-value of ¢ at t”, but rather “the
truth-values of ¢ at t when part of an utterance made at t'”. Of
course, our real interest is in the truth-value of a sentence at the
moment of its utterance. But the analysis of this truth-value in
terms of the truth-values of the components of the sentence will
automatically lead to the consideration of truth-values of formulas
at moments different from the moment of their utterance. We
thus come to the following definition:

perINITION 9. Let J be a linear ordering. Let M be an interpre-
tation of L,, relative to J. For any formula ¢ of C,, and ¢, t' €T,
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the truth-value of @ in M at t when part of an expression uttered
att’, relative to T (in symbols: [@]%, +, ) is defined as follows:

(1) lgdm v =Mg) (t);
(2) if @, y are formulas of £,, then

() [~plf o =|g 1Pl =0

0 otherwise;

1if [l . ,—1and

¥]% m ¢ ¢
0 otherwnse

(i) e Ayl o t'_[
l 1 if for all t" € T, such that

(iii) [Helm, ¢ ¢ t"<t, [@ln ¢ =1

0 otherwise;
1 if for all t” € T such that

t<t’, [?’]m v =1;
O otherw1se

1if [‘P]m v, v=1
“lo otherwise;

(iv) [Gelwm, « ¢
(v) [Nl ¢ ¢

A formula should be regarded as valid if in every interpretation it
is true when uttered. Thus validity should be defined as follows:

periNITIoN 10. A formula ¢ of C, is valid, relative to T, iff for
every interpretation M for C; relative to J, and every t€T,
[@lm, & =1

Since £; and £; have many formulae in common, it is conceiv-
able that Definitions 9 and 10 clash with Definitions 3 and 4; a
formula of both £; and £, could be valid, relative to J, according
to Definition 4, but not valid according to Definition 12; or vice
versa. Such a clash would of course imply that at least one of the
definitions is inappropriate. However, this is not the case. One
can easily show (we omit the proof) that if ¢ is a formula of both
L, and L, then ¢ is valid, relative to J, according to Definition 4,
if and only if ¢ is valid, relative to T, according to Definition 10.

We will now consider the analogues for C, of the interpretations
for Cl.
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DEFINITION 11. An interpretation, for C,, relative to T, is a pair
consisting of an interpretation, for C,, relative to 7, and a member
of T.

As 1 said before when considering interpretations we are pri-
marily interested in the truth-values of formulae at only one
particular moment. Therefore we can avoid the complications
that arose in connection with the truth definition for C, appli-
cable to interpretations,. Indeed, the truth definition can be
given as a simple extension of Definition 7.

DEFINITION 12. Let M= <M’, t,>be an interpretation, for C,,
relative to J. For any formula ¢ of £, and t €T, the truth-value
of g in M at t, relative to T (in symbols: [@] %, ;) is defined as follows:

(1), (2) (i)-(iv): as in Definition 3;

s _J1 if-[(p]’,’,,,, =1,
(2) (v) Nel, .= {O otherwis(:f.

As before validity, is defined by:

perINITION 13, A formula ¢ of £, is valid, if for every interpre-
tation, <M, t> relativeto 7, [¢] <m, ¢ >, :=1.

It is obvious that this definition does not conflict with Defini-
tion 8: every formula of C, which is also a formula of L, is valid, in
the sense of Definition 8 iff it is valid, in the sense of Definition
15. This follows from previous remarks, and the fact that every
formula of £, is valid,, relative to J, iff it is valid, relative to
J. The latter fact is true since for every interpretation, M for
L,, relative to Tand t,, t € T, and every formula ¢ of Cj,

[#15 = [P1Zm, 9>t

(which can be shown by an easy induction argument, omitted
here).

In the proofs of the theorems below it will be somewhat more
convenient to work with interpretations, than with interpreta-
tions;. Therefore we now drop interpretations; altogether and
will refer to interpretations, simply as interpretations. Also we
will speak of validity instead of validitys,.
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§ 2.

As I have said in the introduction, the results presented in this
paper apply to arbitrary axiom systems. Also, I will later in-
troduce unusual forms of proof from axiom systems. In view of
these two facts it will be necessary to give a precise account of the
general notion of an axiom system and of a proof from an axiom
system which will be used in the sequel. Definition 15 provides
this account. Definition 14, which precedes it, is concerned with
the notion of substitution of formulae for propositional constants
which is essential for that account.

pEFINITION 14. Let @, v, ..., ¥, be formulae of some language £
for propositional tense logic, and let iy, ..., i, be positive integers.
By [¢] v1/4:,, ..., ¥x/q;, we understand the result of replacing in ¢

9 everywhere by, ..., 9, by . [¢] ‘Pl/qt'l; e Vil i called an
instance of p in L.

perINITION 15. (1) An inference rule in £ is a pair consisting of a
finite set of formulae of £ and a formula of £. If R=<(Z, ¢) is an
inference rule in £, we call the members of 2 the premisses of R
and ¢ the conclusion of R. In case X is empty, R is called an axiom
(in £).

(2) An axiom system for C is a set of inference rules in L.

(3) Let R=<Z, ¢> be an inference rule in L. Let I be a set of
formulae of C, v a formula of C. We say that y follows from I" by
R iff there are propositional constants ¢, ..., ¢, and formulae y,,
..., ¥ of £, such that v=[... [[¢] vi/q4] ...] ¥:/qx, and for each
¢'inZ [..[[¢']va/1]...] ¥i/q: belongs to I'.

(4) Let A4 be an axiom system for £. A proof from A in Cis a
finite sequence of formulae of £ such that each member of the
sequence follows from the preceding members in the sequence by
one of the inference rules in 4. A formula of C is said to be
provable from A in L iff it occurs in some proof from 4 in L.

If A is an axiom system for £ and ¢ is a formula of £ which is
provable from A4 in some other language L', then ¢ is provable
from A in £. I will therefore omit reference to £ when speaking
of provability.
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For the remainder of this section we will limit our attention to
axiom systems for C, and C,. The characterization of the notions
of X-consistency and X-completeness of an axiom system for £;
is almost straightforward. However, it is worthwhile to note that
the distinction between what is usually referred to as strong
completeness and weak completeness is here more important than
in connection with ordinary propositional (or even predicate)
calculus, since for £, and C, these two notions diverge. An ex-
ample to show that the notions do not coincide in the case of £,
will follow the next definition.

perINITION 16. Let K be a non-empty class of partial orderings,
A an axiom system for C;. (1) A is X-consistent in C, iff every
formula of £, which is provable from A4 is X-valid. (2} A4 is
weakly X-complete in C, iff every formula of C; which is X-valid is
provable from 4. (3) A set 4 of formulae of £, is consistent relative
to A iff there are no number n21 and formulae ¢,, ..., ¢, €4
such that ~(p; A ... A @,)is provable. (4) A is strongly X-complete
in L, iff (i) for every set 4 of formulae of C; which is consistent
relative to A there is a 7€ X and interpretation {M, t,) relative
to J such that for all g € 4 [p]Zm, 4>, = 1; and (id) if any formula
~ ~@ of L, is provable from A4 then so is ¢.

One easily verifies that if A4 is strongly X-complete then it is
weakly X-complete. The converse is not true, for we know of an
axiom system for C, which is {¥}-consistent and weakly {F}-
complete, where #=<J, <), J is the set of integers and < their
natural ordering (see [1]). That such an axiom system cannot be
strongly {F}-complete follows from the fact that the notion of
truth at the point O in an interpretation relative to F is not
compact.? That it is not follows from the fact that for the set 4=

5 A notion of truth for a language L is compact if the following is the case: Let
X be any set of models for £ such that whenever 4 is a set of formulae of £
and there is a model for £ in which all members of A4 are true, then there is a
model in J{ for which this is also the case. Let J be the topology on JX defined
by the condition that X’ c X is open iff there is a set 4 of formulae of L such
that X’ is the set of models in X in which all members of 4 are true. Then

(X, T is compact.
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{Fq,, FFq,, FFFq,, ..., FG ~q,} there is no interpretation (M, 0)>
relative to ¥ such that for all €4, [@]%m o>,0=1, while for
every finite subset 4’ of 4 there does exist an interpretation
(M, 05, relative to J, such that [p]im, o>, o=1 for all p€ A,

The next definition tells us how to extend an axiom system A4
for £, to an axiomsystem A’ for £, so that, roughly speaking, A’
will be X-consistent and X-complete for L, if A4 is X-consistent
and X-complete for C,.

DEFINITION 17. Let A be an axiomsystem for £;. Then A4’ is the
axiomsystem AU {{{q;, 1 = @2}, @), <{a), Lad, <9, L(Ng, -
LNq1)>I <01 qu - Nq1>; <0; ~Nq1 «N ~q1>; <ml N(ql - q2) -
(qu - Nq2)>; <01 ql <« Nq1>}6

N. B. we will refer to the axioms Lg, - Ng;, ~Ng; <> N ~g,,
N(¢; - ¢;) > (Ng; > Ng;), ¢, > Ng;, L(Ng; —LNg,) as N,
N., N, N, and N,, respectively. The rule {{q,, ¢, = @5}, 42>
is called M(odus) P(onens).

One easily verifies that if X is a non-empty class of partial
orderings and A is an axiom system for £, which is X-consistent
in C,, then A’ will not necessarily be X-consistent in C,. In fact,
suppose that X contains linear orderings with more than one
point, that 4 is X-consistent and X-complete, and that {(qy),
Ggq,> belongs to A (X-complete axiom systems that contain this
rule have actually been given). Then the formula ¢, - Gg,
will be provable from A’, though it is not X-valid. (The provabili-
ty of ¢, > Gq, from A’ can be easily verified.}) We will, however,
select among the proofs from A’ a certain group, which we will
call (by lack of a better term) sound proofs, in such a way that if
A is X-consistent then all formulae of £, occurring in sound proofs
from A" will be X-valid, whereas on the other hand, if 4 is X-
complete then the formulae of £; occurring in sound proofs from
A’ will include the set of all X-valid formulae of C,.

perINITION 18. Let 4 be an axiom system for £,. A proof from A’
is sound if each of its members that is preceded in the proof by

¢ For any formula ¢, Lg stands for g A Hp A Gep.
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an instance of N; or N, is itself an instance of N; or N,, or else
follows from its predecessors by MP. A formula is said to be
soundly provable from A’, if it occurs in a sound proof from A'.
The following facts concerning provability from 4 and sound
provability from 4 and sound provability from A’ are easily
verified, and will be most useful in further developments. We
state them without proof.

(1) If A is an axiom system for C;, ¢ is provable from A [soundly
provable from A] and v is an instance of ¢, then v is provable
from A [soundly provable from A].

(2) If A is an axiom system for C; and ¢ is provable from A4 then
@ is soundly provable from A4'.

(3) If A is an axiom system for C,, ¢y, ..., ¢, are soundly provable
from A, and @, A .... A ¢, — @ is soundly provable from A, then ¢
is soundly provable from A.

The notions of X-consistency in L, relative to A, of X-consist-
ency in L, (of A) and of weak and strong X-completeness in C, are
defined as before, except that in the definitions ‘provable’ should
everywhere be replaced by ‘soundly provable’.

Intuitively one would demand of an inference rule R which is
used in an axiomatization of (all or some of) the X-valid formulae
of £, that whenever y comes by an applidation of R from v, ...,
¥y, and vy, ..., ¥, are X-valid, then so is y. That an axiomsystem
containing R is X-consistent in L, is in itself no guarantee that R
has this property. For example, the axiom system consisting only
of the rule <{g, > ¢;}, ~(q: = ¢.)) is K-consistent since one can
prove from it no formula whatsoever. But the rule itself clearly
fails to have the mentioned property. On the other hand, A4 will
indeed be X-consistent in C, if all its members have this property.
‘We will call a rule with this property X-valid, and an axiom system
all members of which are X-valid, strongly X-consistent.

With respect to the language £, matters are a little more com-
plicated. For we just saw that this language contains valid for-
mulae, e.g., ¢, <> Ng,, from which we can obtain invalid formulae,
as, e.g., G(g, <« Ngq,) by application of a rule (in this case {{q,},
Gg,>) which is perfectly acceptable in the sense discussed above
when considered as a rule for C;. However, every inference rule
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for £, which is X-valid in the sense discussed above will have the
property that it yields from formulae of £, which are true in
every model relative to every member of X at every moment,
only formulae which satisfy this same condition (such formulae
will be called strongly X-valid). It is this last property which we
will need in connection with £,. Thus we come to the following.

periNtTioN 19. (1) A formula of G, is strongly X-valid iff for every
J € X, interpretation (M, t,) relative to Tand t €T [p]L m, > t
=1. (2) An inference rule <S, ¢) for L, [for C,] is KX-valid for C,
[for C;] iff whenever y, vy, ..., v, are formulae of L, [of L], v,,
..., ¥, are X-valid [strongly X-valid] ,and v comes from v, ..., ,
by an application of (S, ¢) then v is X-valid [strongly X-valid].
(3) An axiomsystem A for G, is strongly X-consistent in C, [in C,]
iff all its members are K-valid for £, [for C;]. Note that every
formula of C, is strongly X-valid if it is X-valid; and that a rule
{9, ) is X-valid iff ¢ is strongly X-valid.

It is now possible to state the result which partly confirms the
mentioned conjecture on completeness which occurs in Prior’s
article [2].

THEOREM 1. Let X be a non-empty class of linear orderings; let 4 be
an axiomsystem for £, which is strongly X-consistent in L, and
weakly [strongly] X-complete in C,. Then A’ is K-consistent in C,
and weakly [strongly] X-complete in C,.

Theorem 1 will be proved in the next section. In fact, it will be a
corollary to a number of much more general results, from which I
will also derive a complete confirmation of the conjecture, made in
Prior’s article, that a certain axiom system presented there is com-
plete (cf. [2], p. 113). I have stated Theorem 1 already here, as it is
a paradigm of all the theorems to follow in the next two sections.

It is worth noting that if the axiom system 4 is X-consistent
and X-complete and the only members of A4 which are not axioms
are the rules MP, {{q,}, G¢;> and {{q,}, Hg,>, then

(1) A’ is X-consistent and X-complete.

(2) The rule {{q,}, Lq,), and the axioms N, N. and N_, are
redundant.
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(1) follows from the fact that A is strongly X-consistent (all its
rules are X-valid). (2) can be argued as follows. Let A" = AU {N,}.
Let P be a proof of the formula ¢, of £, from A’. In the first place
we may eliminate all applications of the rule <{¢,}, Lg;) from P in
view of the presence of the rules ({q,}, G¢,> and {{q,}, Hg,). Let
us assume therefore that P contains no applications of <{g,}, Lg,.

Let P, be that part of P which precedes the first instance of
N, in P (or all of P if no such instance occurs). First we produce
a proof P’ from A” in which occurs, for every line ¢ of P;, a for-
mula of the form o; — (0, — ... (6, = @) ...), where each of the o,
is an instance of N, N. or N_,. The construction of P’ proceeds
inductively down the lines of P, and is possible in view of the
following facts:

(a) If @ is an instance of an axiom of A4’ other than N,, N, N_, or
N_, then ¢ is provable from A4".

(b) If @ is an instance of N, N or N_,, then ¢ — ¢ is provable
from A".

(c) If  comes by MP from y and y — ¢, and g; — (g2 — ... (o«
—>vy)..)Jand 6, > (6, — ... (6, > (y = ¢) ...) are provable from
A, theng, > (0o~ ... 0> (07> (0s—> ... (0, > 9) ..)) ...) is
provable from A".

(d) If @ is of the form Gy and comes from y by an application of
{{4.}, Ggy), and 0, — (02 —> ... (0 — ¥) ...) is provable from A",
then G(o;, > (ea—>... (6 —¥) ...) is provable from A", and
since every formula G (; = x3) = (Gy; — Gys)) is provable from
A (which is the case because G (¢, — ¢5) > (Gq, — Ggs) is X-
valid), Go, > (Go; — ... (Go, = Gy) ...} is provable from A". But
we observed under (a) that for each i g, — Ly, is provable from A4".
Since Lg; — Ggq, is a X-valid formula of C,, Lg; > Gp, is provable,
and so p; = Gp; is provable. It follows that g, — (¢, — ... (0x —
Gy) ...) is provable from A".

(e) If ¢ is of the form Hy and comes by an application of the
rule {{q,}, Hy> and ¢, = (0 — ... (0 = ¥) ...) is provable from
A" one argues in the same way that Ho; — (Hgy — ... (Ho, — ¢)
...)is provable from A".

For each instance x of N, N.. or N_, there are instances y,, ..

*
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2 of Ny such that 3, > (x2 — ... (& = %) ...) is provable from A",
for the formulae (¢, <> Ng,) ~ (Lg; > Ngy), (¢: &> Ng)) A (~qy >
N~g) — (~Ng;>N~gq), and (g, > Ngy) A (g > Ng,) A
(41— ¢2) < N(g; > ¢2)) — (N(g; —> ¢5) > (Ng; > Ngy)) are
provable from A". Thus we can extend P’ to a proof P” in which
occurs for each line ¢ of P,, a formula of the form ¢; — (g, — ...
(6 — ) ...), where the o, are instances of N;. We can then extend
P” by adding all the instances of N; which occur as antecedents of
lines in P”, all lines which result from detaching these anteced-
ents by applications of MP, and further all remaining lines of P.
The resulting proof will be a sound proof of y, from A4"U {N,}.

The case just described is of some importance, since all axiom
systems for £, which are known (to me) have indeed no other
inference rules than MP, {{q,}, G¢,> and {{q,}, Hg,).

§ 3.

It is natural to ask for a justification of the specific choice of the
operators G and H (with their given semantic interpretations)
as primitives for a system of tense logic. A similar question can be
asked within the context of ordinary propositional calculus about
the primitive truth-functional connectives of any given language.
But there the answer is in all ‘standard’ cases rather straightfor-
ward. Many combinations of well-known truth-functional con-
nectives (e.g., {~, A}, {~, v}, {~, =}, as well as all sets that
include any of these) are functionally complete, in the sense that
every truth-function can be expressed by a formula of a proposi-
tional language containing the connectives of that combination.

A similar justification cannot be given for the choice of the
operators G and H. In fact, rather simple and natural tense ope-
rators, as, e.g., the operator ‘it has been the case uninterruptedly
for some time’ cannot be expressed by a formula of C,. It is
therefore desirable to consider besides C, other languages which
have different tense operators as primitives.

In order to give a uniform characterization of these languages, it
is necessary to characterize the general notion of a ‘tense-oper-
ator’. Unlike for the general concept of a truth-function there is
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for this notion no entirely straightforward definition. What the
definition ought to be is a question which I will not discuss here
exhaustively. But I will treat the problem in so far as is necessary
for the analysis of the operator ‘now’ with which this paper is
concerned.

First this: Truth-functional connectives in natural languages
(e.g., the expressions ‘and’, ‘not’, ‘neither ... nor’ of English)
are expressions with the property that the truth-value (at a given
moment t) of a sentence formed by means of such an expression
out of other sentences is determined completely by the truth-
values (at that same moment t) of the component sentences. In
so far as truth is concerned the behavior of a truth-functional—
say, 2-place—connective, is completely characterized by some
2-place truth-function, i.e., a function which assigns to each pair
of truth-values-a truth-value; and thus the study of truth-func-
tional connectives can properly be reduced to the study of truth-
functions.

With tense operators of natural languages (e.g., the tenses of
English, or expressions like ‘it has sometimes been the case that’
‘it has been the case that ... ever since ...", etc.) the situation
is more complicated. Here the truth-value, at a given time t, of a
sentence formed by applying a tense, or such an expression, to (an)
other sentence(s) does not depend only on the truth-value(s) of
that (those) sentence(s) at t, but also (in some cases even exclu-
sively) on their truth-values at moments other than t. On the
other hand one easily verifies that for the expressions which were
just listed as examples nothing more is required to determine the
truth-value of the compound sentence at t than the truth-values
of the component sentence(s) at t and other moments. Thus with
respect to (momentary) truth-value the behavior of such an ex-
pression is completely characterized by a function which takes
both as arguments and as values ‘courses of truth-values through
time’, i.e., functions from moments to truth-values. (If J is the
structure of time we will refer to functions with such arguments
and values as J-tenses.) I maintain that this principle is an es-
sential aspect of what should be regarded as a ‘tense operator’.
Therefore the study of tense operators reduces to the study of
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tenses, just as the study of truth-functional connectives comes
down to the study of truth-functions.

The above considerations naturally lead to the following
definition,

perINITION 20. Let J be a partial ordering. An n-place J-tense is
an n-place function from {0,1}7 into {0,1}7.7

The study of tenses is complicated by the fact that we do not
know what the structure of time is. I said already that for this
reason we want to consider classes of partial orderings, as well as
single partial orderings. For given tense operators of English it is
often fairly clear what the characterizing J-tense is, independently
of any exact determination of the structural properties of J. So,
for example, will the J-tense corresponding to the expression
‘it has always been the case that’ be the function F, which assigns
to a function f from moments to truth-values that function g
such that for any moment t €T g(t)=1 iff for all ¢’ preceding ¢,
f(t'}=1. Thus there corresponds to this tense operator a J-tense
F; for every possible time structure J—i.e., a function which
assigns to each possible time structure J a J-tense. I take such
functions to embody the most general idea of a tense.

DEFINITION 21. An n-place tense is a function which assigns to each
partial ordering J an n-place J-tense.

For any class of partial orderings X, an n-place X-tense is the
restriction to X of an n-place tense.

It is doubtful whether every function which is a J-tense accord-
ing to Definition 20 is intuitively acceptable as the semantic
characterization of a possible tense operator. Even less plausible
is it that every tense can be so regarded. For example, a tense
which assigns to the structure Re of the real numbers the Re-tense
which corresponds to the expression ‘it has always been the case
that’ and to the structure Rat of the rational numbers the Rat-
tense corresponding to the expression ‘it will some time be the
case that’ clearly is a monstrosity. It is therefore desirable to

? For any sets U, V, understand by UV the set of all functions from V into U.
17 — Theoria 3:1971
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further limit the notion of a tense. I maintain that this can indeed
be done in a satisfactory way. (Cf. [4].) However, as the results on
‘now’ which are proved in this article hold true even for the exces-
sively general notion of a tense developed here, we will leave
this problem aside.

To each n-place truth-function f corresponds a tense F such that
for every partial ordering J, t€ T and members P,, ..., P, of
{0,1})9, F (P, (1), ..., P,())=(Fs (Py, ..., P,)) (t). This fact enables
us to treat truth-functional connectives—and in particular the
standard connectives which occur, e.g., in £;—as special tense
operators.

perINITION 22. (1) For any countable indexed family F of tenses
let C; be the language whose connectives are those symbols C?
such that i € Dom J and n is the number of places of F(i).8

(2) The notion of an interpretation for Cs relative to T is the same
as that of an interpretation for L, relative to J as defined in
Section 1 (Definition 6).

(3) The truth-value of a formula ¢ of £, in an interpretation (M,
to) relative to F and J at amoment t €T, [#1%3¢p>,4 is defined by:

(@) [g]Zm, >, .= M(g) (2);
(ll) [C‘:(‘Pl s (pn)] 2;!, 9>, t=3(') @1; LR an) (t)l
where fori=1, ..., n,
¢ ={t'€T: [p.]%h, o> ¥ 1}.

(4) A formula ¢ of C; is F-valid, relative to F, if for every inter-
pretation <M, to) for C; relative to J, [pl%h, 4>, =1 @ is X-
valid relative to F iff ¢ is J-valid, relative to F, for all T€ X.
(5) For any language C; let C3;(N)=L;U {N}. The interpretations
for L5(N) relative to T are the interpretations for C, relative to J,
and [p]%§, o>, « is defined for formulae of £;(N) by the clauses
(i) and (ii) above together with the clause

(i) [NelZa, 0>t (] <m, 0> tor
F-validity and X-validity are then defined as above.

$ By a countable indexed family of objects of a certain kind I understand here a
function which is defined on some set of positive natural numbers and which
assigns to each member of its domain an object of the kind in question.
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We will, for simplicity, assume that all the languages to be
considered henceforth are truth-functionally complete. We will be
even more specific and consider only indexed families F of tenses
the domains of which contain the numbers 1 and 4 and where
F(1), ¥(4) are the tenses which correspond to the standard meaning
of the connectives ~, A, respectively.

Our first result of this section states that any formula of a
language L4(N) which contains N is equivalent to a formula that
does not contain N.

THEOREM 2. Let F be an indexed family of tenses. There is a (primi-
tive recursive) function Rs from the formulae of C5(N) to formulae
of Cs, such that, for every partial ordering T, ¢ <> Ry(¢) is J-valid
relative to F.

PROOF. By a special formula of C,(N) understand a formula of the
form VX, (@; A Ny,), where none of the formulae ¢,, y; contains
N. (By V.t,0, understand o, Vo,V ....V 0, Similarly for
V.es0.) We first define inductively a function R; which maps the
formulae of £4(N) into special formulae of £;N):

(i) Ry(e.)=4q;

(ii) suppose that i€Dom F, that J(i) is n-place, that Rj(g,),
..., Ry(@,) have been defined, and that for i=1, ..., n Ri¢p,)=
viiil (:5 A Ny,,).

For any i <n let S; be the set of all formulae %, A ... Ay, where for
i=1,...., ks xsis 9y, OF x4 is ~y;,. Let S be the set of all formulae
of the form (,) A ... A (0,), where fori=1, ..., n, 0,€S,. For each
O=X1A...A X, ES;let

the disjunction of all those g,,, for which
@; (6)=1 2s=v:y provided some yx; is y;;
~(Pa — @), if for all j sk, xsis ~Pi;.

For each o €85, let ¢; (0) be ¢, (0,) where o, is the i** conjunct of o.
We put

RA{CHey, ..., #n))=Voes(CHey(0), ..., @a(0)) v No).
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(iii) Suppose that Ry(@)=V % (¢; A Ny,). Then put
Ri(Ng)=V ., (9, — @) A N(g; A y))).

Clearly Rj, as defined by (i)-(iii) is a function which maps every
formula of £;(N) onto a special formula. It is tedious but straight-
forward to prove by induction that for all ¢ of £4(N), ¢ <> Ri(¢)
is J-valid (for arbitrary J).

For any formula ¢ of C; let Rs(¢) be the formula which we
obtain by deleting all occurrences of N from Rj(¢). Clearly Rs(¢)
is a formula of C; It is also obvious that Ri(g) <> Rs(¢) is J-
valid for all J. It follows that ¢ <> R,(¢) is T-valid; q.e.d.

The general concepts of an inference rule, an axiom, an axiom
system for a language L, as well as the notion of provability, have
already been given on pp. 0.0, 0.0. We now define for an arbitrary
axiom system A for £; an extension A4; which will stand to A4 in
the same relation as, for any axiom system B for £,, the system

B’ for C, stands to B.

perFiNITION 23. Let F be an indexed family of tenses.
(1) Let N(F) be the set containing
(a) all pairs

<9, Ciq ... q;1 ((qu A 4j+1) v q:i+2) 9i+3 --- Goia) &
[(Ng; ACHgy ... 4,1 (9541 ¥V 9522) Djis -+ Gni2)) ¥
N~g,ACig ... 9di-19;+295+3 --- 2.12)1D,

where i € Dom J, n equals the number of places of (i} and 1 <j
=

(b) all pairs {{g; <> 45}, <> ¢')> where ¢ is a formula of C; and ¢’
results from replacing an occurrence of ¢, in ¢ by ¢,.

(2) For any axiomsystem A4 for C; let A*=A4UN(F)U{MP,
N.., N, N;}. Again a sound proof from A* is a proof in which every
line following an instance of N, is itself an instance of N, or else
comes from previous lines by MP. The concepts of X-consistency,
strong X-consistency, weak X-completeness and strong X-complete-
ness in Ly, or LN}, of A4 or A" (where A is an axiom system for
L;) are straightforward generalizations of the notions defined
earlier for C,, C,, A and A’; I will not spell them out.
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The next theorem is similar to Theorem 1, but has a much wider
range of application.

THEOREM 3. Let X be a non-empty class of partial orderings; let F
be an indexed set of tenses, let A be an axiom system for C; which is
strongly X-consistent in C5(N) and weakly [strongly] X-complete
in C;5, Then A" is X-consistent in L4(N) and weakly [strongly]
X-complete in Ls(N).

rrooF. One easily verifies that if 4 is weakly X-complete in C;
then ¢ <> Ry(p) is soundly provable from A* For ¢ <> Rj(¢p)
(where R; defined as in the proof of Theorem 2) is provable from
A*—{N;}, and R'(¢) <> R(¢) is soundly provable from A*. Sup-
pose first that A4 is weakly X-complete in C;. Let ¢ be a X-valid
formula of £,;(N). Then, by Theorem 2, Rs(¢p) is X-valid. Since
Ry(¢) is a formula of C; and A4 is X-complete in L;, Ry(gp) is
provable from 4. Thus by the above observation ¢ is soundly
provable from 4% and thus 4" is weakly X-complete in C;(N).

Now suppose that A is strongly X-complete in C;. Let 4 be a
set of formulae of C;(N) which is consistent relative to A4". Let
Ry(4) be the set of all Ry(p) where p € 4. Since ¢ <> Ry(¢) is
soundly provable from A" for all ¢ € 4, Ry(A) is consistent relative
to A. Thus there is a 7€ X and an interpretation (M, t,) relative
to J such that for all y €R4(4), [¢]>?=1. So, by Theorem 2,
[91% 504>, 1, =1 forallpe 4.

To show that 4" is X-consistent in £;(N) we first show by induc-
tion on the length of proofs that every formula which is provable
from A* —{N,} is strongly X-valid. This is true since all inference
rules in A" —{N,} (including the axioms!) are strongly X-valid.
Thus a sound proof from A" will always consist of a number of
lines which are (strongly) X-valid, followed by a number of in-
stances of N, and applications of MP. It is clear that N, is X-valid
and that MP preserves X-validity. Thus all soundly provable
formulae are X-valid.

THEOREM 4. Let X, F, A be as in Theorem 3. Suppose there is a
formula \ of Cs such that of every J€ X, interpretation (M, to>
relative to Tandt€ T,
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[/1]"2%.,t0>, (=1liff forallt’ €7, [11]3<'gl.10>. =1

(We will write ‘L¢’ for [A] p/q;.) Let A'= AU {MP, N, N, N, N,
N_,, {la.}, Lad}. If A is weakly [strongly] X-complete in Cs, then
A’ is weakly [strongly] X-complete in C5(N).

rroOF. Every axiom in M(JF) is provable from A4’ —{N,}. For

L(g;+1 > Lq,+1) — [CH(gy... 9 ((15 A 45+1) v 41+2) Qivz ... Dnia) <
[(g;+1AC2a1... 9521 (a0, Y ¢540) 9+3--- Qni2)) V
(~g41 A Ciay ... 95192 9+3 --- 9.412))]]

is a X-valid formula of C,, and thus all its instances are provable
from A. Since moreover L((Ng,,; - LNg,.,) and ~Ng, , <>
N ~g;,, are provable from 4" —{N,}, it follows that

C?(ﬁ oo @51 (4, A NG, 1)V €540) €55 .. Guya) &
[(Ng;s1ACg1 ... 9521 (95 V 9j12) Qyig .- Gni2)) V
(N ~qi1 A Cigy ... 91942 9j+3 - -- 9n+2))]

is provable from 4" —{N,}.

Further we observe that for all formulae ¢, ¢’ of C;(N), where
¢’ comes from ¢ by replacement of an occurrence of ¢, by ¢,
L(q, <> g5) = L{p < ¢') is provable from A’ —{N,}. The proof is
by induction on the number of occurrences of N in ¢. If ¢ does not
contain N, then L(g; <> ¢,) - L(p < ¢') is a X-valid formula of C*
and thus provable from 4. Now assume the assertion has been
demonstrated for formulae with at most k occurrences of N and
suppose that ¢ contains k+1 such occurrences. Let Oc be a
particular occurrence of ¢; in ¢ and let ¢’ be the formula which
results if we replace Oc by ¢,. Let n be the maximum of the indices
of propositional constants occurring in ¢ or ¢'. If p hasa subformula
of the form Ny which does not contain Oc, let y be the formula
which we obtain by replacing that subformula by ¢,,.,, and ¥’ the
result of replacing Oc in p by ¢,. By induction hypothesis L(g, <>
¢;) > L(y < ') is provable from 4 —{N,}. Since L(g, < ¢;) ~>
L(p <> ¢') is an instance of this formula it too must be provable
from A’ —{N,}. If all occurrences of N in ¢ are in front of sub-
formulae containing Oc, then ¢ must have a subformula Ng where
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¢ contains Oc but no occurrence of N. Let ¢’ be the result of
replacing Oc in ¢ by ¢,. Then L{g, < ¢;) = L(¢ < ¢") is provable
from A. Further, with the help of N, N_, and {9, Lg, - Ng,)> we
can prove L(g <+ ¢') = L(Ng <> Ng’). Thus L(¢, <> g5) > L(Ng «—
Npg') is provable from A’ —{N,}. Let y be the result of replacing
Ng in ¢ by ¢,.,, and let ¥’ be the same formula with ¢, instead of
¢,i1- Then L(¢,.; < ¢,.9) = Ly < ¢’} is by induction hypothesis
provable from A4’ —{N,}, and so is therefore its instance L{(Ng <>
Ng'}) - L(p <> ¢'). It follows that L(q, < ¢;) > L(p > ¢') is
provable from A4’ —{N,}.

It is now obvious that we can produce for any proof P from
A* —{N,} a proof P’ in which, for every line ¢ of P, occur both
@ and Lg. Every step in P can either be automatically imitated in
P’ or else, in view of the preceding remarks, in the case of an
application of a rule in H(F) can be replaced by a proof from
A —{N,} of the appropriate theorem and, if necessary, some
applications of MP. A sound proof P from A" can then be convert-
ed into a sound proof from A4’ because we can first convert the
part of P preceding the first instance of N, into a proof P’ from
A" —{N,;} and then simply add to P’ the remaining lines of P.

Q.ed.

COROLLARY. Theorem 1.

rroor. If X consists of linear orderings then the formula Hg, v
q, v Gq, satisfies the condition imposed on the formula 1 in
Theorem 4. So Theorem 4 applies to £,.

Prior conjectures in his article on ‘now’ that a certain axiom
system—consisting of the axioms Al.l, Al.2, A2.1, A2.2 (p.
106); the rule MP; the rule RL (p. 111); the axioms L1 -L5 (p.
111); and the axioms J1 —J6 (p. 113}—is complete. The notion
of validity which Prior has in mind is that of being true (at the
present) in every interpretation relative to any structure (T, R)>
where R is a binary relation on, but not necessarily a partial
ordering of, T. (Cf. [2], p. 113.)

Indeed, for the class X, of all partial orderings his axiom system
is not complete, for the formula Gg, - GGg,, which is X,;-valid,
cannot be proved from that system. However, if we add this
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formula as well as its counterpart for the past, Hg, - HHg,, to
his system we obtain an axiom system which is indeed X;-com-
plete in the language which Prior discusses.

To be precise, let Alw be the 1-place tense which assigns to
each partial ordering J the function Alw(J) defined in the fol-
lowing way: (i) if f in {0, 1}7 takes the value O for some t € T, then
Alw(T)(f) is the function in {0, 1}7 with constant value 0; (ii) if f is
the function in {0, 1}T with constant value 1, then Alw(J)(f)=f.
Let F, be an indexed set of tenses with domain consisting of
the numbers 1, ..., 5 which ‘assigns’ to the connectives ~, A,
G, H their intended meanings and such that F,(5)=Alw. Let us
write ‘L’ for Cl. Let A4, be the axiom system for L; consisting
of the rules MP and {{q;}, Lq,), and the axioms G(q, — ¢.) —
(Gq, = Ggs), H(g; — ¢2) ~ (Hg, — Hg,), PG, > ¢y, FHg; — ¢,
Le, = ¢, Ly > Ggy, Lgy —> Hey, L(gy > @) > (Ls > Lgo), ~Las
—L~Llg, Lg, — LlLg, together with a complete set of axioms
for ordinary propositional logic. Let A4, be A, together with the
axioms Gg¢, — GGgq, and Hg, —~ HHg,. Let A [A{] be the axiom
system for L3 (N) consisting of A, [ 4] together with the axioms
q; > Ngj, qu —q;, L(Lg; > Ngy), L(Ng, — Lqy), L(N ~gq, ~
~Ng,), L{(~Ng; +>N~g) and L(N(g, > g.) > (Ng, — Ng,)).
One easily verifies that A4, is strongly X-consistent in C; (N), that
Lg, satisfies the condition on 4 of Theorem 4, and that for i=0,1
A (as defined on p. 243) is included in A}. Moreover, it is known
that A, is strongly X,-complete in Ly (Cf. [5].) Thus it follows
by Theorem 4 that A is strongly X;-complete in C5 (N).

As a matter of fact, we can just as easily obtain a complete
confirmation of Prior’s conjecture. It suffices to observe that the
restriction to partial orderings—observed throughout this paper
for reasons mentioned in Section 1—plays no role whatever in
the proofs. Thus Theorem 4 is equally true if we weaken the
hypothesis that X is a class of partial orderings to the supposition
that X is an arbitrary class of structures (T, <) where T is a non-
empty set and < an (arbitrary) binary relation on T. Let X, be
the class of all such structures. It is known that A, is strongly
Xo-complete in Gy (Cf. {S]). Thus A is strongly X,-complete
in G5 (N).
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§ 4.

We now turn to languages for first order predicate tense logic.
For the remainder of this paper we assume that the class § men-
tioned in Section 1 contains besides the symbols already listed
there a denumerable set of symbols vy, vy, v, ... (called ‘individual
variables’); for each n<1 an uncountable number of symbols
07 (called ‘n-place predicate symbols’); a proper class of symbols
¢, (called ‘individual constants’); the symbols ¥ and 3 (called the
‘universal quantifier’ and the ‘existential quantifier’, respectively);
and the symbol = (called the ‘equality sign’). For any countable
(possibly empty) set Q of predicate symbols and individual con-
stants, and any indexed family of tenses F, L; 4 is the set con-
sisting of the symbols of £; together with those of Q, the individ-
ual variables, the quantifiers, and =. We put L;, o(N)=C; U {N}.
By £, o we understand the set C;, o where J, is the family of
tenses such that C;_ is the language C; (i.e., where F, gives the
appropriate interpretations for the connectives and tense oper-
ators of £). The formulae of C, 4 are defined by:

(i) g.is a formula;

(ii) if Q"€ Q and B, ..., B, are either variables or
individual constants in Q, then Q%(8,, ... B,) is a
formula,

(iii) if @ and B are variables or individual constants in
Q, then a =4 is a formula,

(iv) if i€eDom ¥, ¥(i) is n-placed and ¢, ..., @, are
formulae, then C!(¢, ... @,) is a formula,

(v) if @ is a formula, then (Vv)p and (3v)p are
formulae.

The formulae of L; o(N) are defined by clauses (i)-(v) above
together with the clause
(vi) if p is a formula, then Ng is a formula.

An occurrence of a variable a in a formula ¢ is bound if it is
within a subformula of ¢ which is of the form (Va)y or (a)y.
Other occurrences of variables are called free. A formula without
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free occurrences is called a sentence. The universal closure of a
formula ¢ is the sentence (Va,) ... (Va,) ¢ where qy, ..., a, are all
the variables which have free occurrences in g, listed according to
the magnitudes of their indices.

Notice that the formulae of £; and L; 4 coincide. More im-
portant is it to observe that if Q contains infinitely many individul
constants then we can give a recursive characterization of all
sentences of L; o (as well as of those of C; o(N)) without refer-
ence to formulae which are not sentences as follows:

(i') q.is a sentence of C;, q;

(ii') if Q"€ Q and B, ..., B, are individual constants
in Q then Q"(8, ... B,) is a sentence of L5, o;

(iii') if @ and B are individual constants in Q then
a=fis a sentence of L5, o;

(iv) if i€eDom ¥, ¥(i) is n-placed and ¢, ..., @, are
sentences of Cs o then C¥g, ... @,) is a sentence
of L3, 0;

(v') if p is a sentence of L3, ¢ and a an individual con-
stant in Q, then (Vv,) [¢] v;/a and (3v)) [¢] v/a
are sentences of Ly, .°

An interpretation for a language C; o(N) relative to T is a triple
U, R, D, where:

(i) U is a non-empty set;

(ii) R is a function with domain consisting of Q
together with the symbols ¢y, ¢,, ... .;

(iif) R(g,)is a function from T into {0, 1};

(iv) if Q" is an n-place predicate constant in Q, then
R(Q7) is a function from T into P(U");1°

(v) if ¢, is an individual constant in Q, then R{c.)
is a function from T into U;

(vi) teT.

? By [¢]B/a I understand the result of proper substitution of g for a in ¢.
1 For any set U, U is the nth Cartesian power of U, and D(U ) is the power set
of U.
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A referentially complete interpretation for C; o(N) relative to T
is a quadruple (U, R, H, t,> where (U, R, ty) is an interpretation
for C;, o(N) relative to J, and His a 1 —1 function from a set of
individual constants which are not in Q to constant functions from
T into U.1!

Let M=<U, R, H, t,> be a referentially complete interpretation
for C; o(N) relative to J. For any sentence ¢ of L, qu pom a(N)
the truth-value relative to 3, Tin M at t, [p]57 is defined by the
following clauses:

(@) [¢:)%%=R(q) (t);

(ll) [Q (cnl Can)] 'm,t=l lff
{(RUH) (ca)) (), ..., (RUH) (ca,) (1> €
R(Q2) (1);

(iil) [ca=ca]R7=1iff
(RUH) (cd) (£)=(RYH) (cs) (t);

(iv) [Ciley ... @al57%=(3() (91, .., @a)) (1),
where forj=1, ..., n §;={t'€T: [p,]5%% =1}

) 1@3v) [¢] ¥ /a]‘;,”,=1 iff for some f €Dom H,
[lg] Blaln’=1; [(V7) ['P] v /a]’ %=1 iff for all
p€Dom H, [[<P] Blalw’=

(vi) [Nel%%=I[pl%” ty:

Now let M=(U, R, ty> be an (arbitrary) interpretation for
Gy, o(N), relative to J. Then for any sentence ¢ of Ly o(N) and
t €T the truth-value of ¢ at t in M relative to T, [pln, ,, is the
truth value of ¢ at t in any referentially complete interpretation
(U, R, H, ty), relative to TJ.

I will not give here any philosophical justification for the treat-
ment of individuals and quantification for tense logic which is
implicit in the preceding formal definitions. I only want to say
that in my opinion the system given here is certainly the most
natural of those I have seen; and that it is an adequate frame for
most philosophical investigations in this area. The decision to
limit attention to predicate symbols and individual constants—

11 A constant function from T into U is a function f from T into U for which
there is a u € U such that f(t) =uforallt€T.
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instead of considering also function symbols of arbitrarily many
places—was dictated by considerations of convenience only.
Theorem 5 below holds also for languages which do contain
function symbols.

A formula ¢ of C;, o(N) is valid relative to T iff for every inter-
pretation M=<U, R, ty) for L5 o(N), [9]%% =1, where vy is the
universal closure of ¢. X-validity is defined as before. For language
L;, o the definitions of an interpretation and the truth-value of a
sentence at a moment in an interpretation, and validity of a for-
mula are the same as those given above for L; o(N), the only
difference being that now clause (vi) of the truth definition above
is superfluous.

An inference rule for a language ;5,4 [of Ly o(N)] is again a
pair (X, > where 2'is a finite set of formulae of £; 4 [of L5 o(N)]
and @ a formula of L5, q [of L5 o(N)]. The notions of an axiom
and of an axiom system are defined as before. We say that a for-
mula y of C; 4 [of Cs, o{N)] comes from the set of formulae 2 of
Ly, o [of Ly, o(N)] by an application of the inference rule {Z, ¢
for Gy, 4 (for £;, o(N)] if there are variables xy, ..., x;, x3, ..., X},
predicate letters QiV, ..., @i, and formulae y,, ..., 7., of
L, o [of C5 o(N)] such that ¥ comes by proper substitution in ¢
of x; for x,, ..., of x;, for x,, of 1 for Qi®, ..., and of %, for
Q:i(", and for each @’ € X' there is a ¢’ in X which comes by proper
substitution in ¢’ of x; for x;, ..., of x} for x,, of y, for @IV, ..,
and of x, for Qi(™.12 A proof in C,,a [Cs, o(N)] from an axiom
system A for L; o [C; o(N)] is a finite sequence of formulae of
Gy, o [of C5 o(N)] in which each formula either comes by one of
the inference rules of A4 from the preceding formulae, or else is an
alphabetic variant of a preceding formula.l? The notion of strong
X-validity of a rule for C; o [L5 4(N)] and of K-consistency in
L5 a [L5a(N)], strong XK-comsistency in L5 o [Fs o(N)],

12 The notions of proper substitution of a variable for a variable, of proper
substitution of a formula for a predicate letter, and of an alphabetic variant,
referred to here, are the usual ones. I do not give their rather involved defini-
tions which can be found for example in Kalish and Montague [3], pp. 148,
157—159, 155—156.
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weak and strong X-completeness of an axiom system A for C;
[Cs, o(N)] are defined as before. For any axiom system A4 for
C_—;, a let

)4'=)4U (MP, <{‘P}: (VVO) 7’): Nlr N2}

A sound proof in Cs o(N) from A’ is a proof in L; 4 from A’ in
which every line following an instance of N, is itself such an
instance, or else comes from previous lines by an application of
MP or {{g}, (Vo) ¢>.

Our result for languages for first order predicate logic will be
somewhat less general than those for languages of propositional
tense logic. On the other hand, they are in my opinion more
interesting, since the fact expressed by Theorem 2, that every
formula containing N is equivalent to one which does not con-
tain N, fails for languages of predicate tense logic.

THEOREM 5. Let X be a non-empty class of partial orderings, J an
indexed set of tenses, Q a countable set of individual constants and
predicate symbols. Let A be a formula of C; o which satisfies the
condition of Theorem 4. (Again we write ‘Lo’ for [A] ¢/q,.) Let A
be an axiom system for Cs o which is strongly X-comsistent in
C; o(N) and strongly X-complete in L; o. Then A’ is strongly X-
complete in L5, o(N).

The proof of theorem 5 has the irritating—if common—property
that when you try to write it up either you don’t write enough, or
else you write far too much. I have chosen the second alternative.
However, since the idea behind the proof is very simple, I will
first give a rough description of it. He who is satisfied with
this informal explanation may save himself the trouble of reading
the proof itself.

To show that a consistent set 4 of sentences of £; o(N) has
an interpretation in which all the sentences of 4 are true simul-
taneously, we proceed as if the subformulae of those sentences
that begin with N were atomic formulae. In this way we can regard
A as a set of sentences of a language L; o (where Qc Q') for
which, since it is a consistent set relative to A4, there is an inter-
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pretation in which all sentences are simultaneously true. This
interpretation gives us, in a completely straightforward way, an
interpretation in which, at one moment, all the members of 4 are
true according to the truth definition for C; o(N).

PrOOF. Let us call a formula ¢ of C;, o(N) an n-place irreducible
predicate if (1) for each i such that 1<i=<n there is exactly one
free occurrence in ¢ of the variable v;; (2) fori=1, ..., n—1 the
free occurrence of v, in ¢ is the first free occurrence in ¢ to the
right of the free occurrence of »; in ¢; (3) no other variables have
free occurrences in ¢; and (4) ¢ contains no individual constants.
For any n-place irreducible predicate ¢ and individual symbols
(constants or variables) ay, ..., a, we write ¢(a, ... a,) for [¢] o,/
¥y, ..., @,/v,. Let G be a function which assigns to each n-place
irreducible predicate of L£; o(N) a different n-place predicate
symbol not in Q. Let Q"= QU Range G. If y is any formula of
L, o and n is the total number of occurrences which are either
occurrences of individual constants or free occurrences of vari-
ables, then there is a unique n-place irreducible predicate ¢ of
L;, o such that y=¢ (a, ... a,), where each q, is a variable or indi-
vidual constant. The function G therefore induces a function G’
from the formula of G, 4 to atomic formulae of C; o defined by
the condition

G')=Gl9) (o ... ad),

where ¢, n are such that ¢ is an n-place irreducible predicate and
yp=¢ (... a,). The function G’ determines in turn a function G”
from the formulae of C; o(N) to formulae of C; o, defined
recursively by:

(i) if y€ L5, o then G '(y)=w.
(i) G"(Ny)=G'(y).
(iif) G"(Ci(yy ... ) =CHG"(yd) ... G"(wn));
G ((Vv)y)=(Vv)G"(v);
G"(@Avdy)=(Er)G"(v).

Now let 4 be a set of sentences of L5, o(IN) which is consistent
relative to A’. Let A’ be the union of 4 and the set of all universal
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closures of formulae of the forms ¢ «» Ng and L(Ng — LNg),
where ¢ is a formula of £, o(N). Then 4’ is consistent relative
to A’, since all the added formulae are soundly provable from A’.
Clearly G"'(4') is a set of formulae of C; o+ which is consistent
relative to 4. Since A is strongly X-complete in C; o there is a
J € X and an interpretation M= (U, R, t,) relative to J such that
for all p€G''(4), [¢1%%=1. Let H be a function which assigns
to each constant function from J to an element of U a different
individual constant which is not in Q. Let M'=<U, R, H, t,);
Q'=QUDom H; Q""=Q'UQ". M is a referentially complete
interpretation for L, q~, relative to J. For t € T, let I, be the set
of all sentences ¢ of C; ¢~ such that [p]%5, te>=1. The function
G’ can be extended in the obvious manner to a function from the
formulae of £, ¢«(N) to formulae of C; o~. We will refer to this
extension also as G''. Let R’ be the restriction of R to Q”. Then
M’'={U, R, H, t,) is a referentially complete interpretation for
C;, o~ relative to J. I claim that:

(1) for every sentence p € 4, [p]%7, =1.
Since 4<(G")* (), (1) follows from

(2) for every sentence p of C; g»andt€T
[Pl =1iF G” (p) €T

(2) is proved by induction on sentences of C; o~ It is clear that
(2) holds for atomic sentences, that if (2) holds for ¢, ..., @, then
it holds for C*(g; ... ¢,), and that if (2) holds for ¢ then it holds
for (V»;) [¢] v;/a and for (3v,) [¢] v,/a. Suppose that ¢ =Ny and
that (2) holds for y. First assume that [p]%? =1. Then [y]%7, =
1. So by induction hypothesis G"(y) € I',. Let ¢’ be a formula of
C;, o(N) such that for some v, , ..., v; and constants g, ..., a,
v=[y']v,/ay, ..., v;/ai. A" contains the formula (Vv,) ... (Vv,)
(¥ <> Ny'). Therefore I',, contains G"((Vv,) ... (Vv,) (v &
Ny)), which is equal to (Vv,) ... (Vr,) (G"(¢") & G"(Ny").
Then Iy, also contains [G"(@p) <—>G”(th N vy, ooy @l
which is G"(y) <> G"(Ny). So G"”(Ny)€eTl,. By an analogous
argument we can infer that LG"'(Ny)=G"(LNy) € I, . It follows
that G"(Ny)er,.
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In a similar fashion one shows that if G”(¢) €I then
)% :=1. It follows that A" is strongly X-complete in Ly o(N).

It is clear that Theorem 5 applies to the language C; o, when
X is a class of linear orderings.

§ 5.

In this section I will show that in general there is not for every
sentence ¢ of Ly o(N) a sentence y of L5 o such that g &>y is
valid. To this purpose I will give two theorems, which together
will show that the elimination of N (in the sense of Theorem 2)
is indeed impossible for most reasonable choices of F, Q, and X.
Undoubtedly similar theorems could be obtained for combina-
tions of ¥, Q, and X which are not covered by the theorems
presented here. But it seems to me that these two give a suffi-
ciently clear indication of along what lines such results can be
proved.

The first theorem is concerned with a large class of tenses, viz.,
all those which are invariant, according to the following definition.

DEFINITION 25. An n-place tense F is X-invariant iff whenever
J, '€ X, g is an order-isomorphism from J to J’, and p,, ...,
p.€1{0, 1}7, then HT')glp), ---, &lp.))=2(3(T) (py, ..., P.)),
where by g(p;) we understand that function {0, 1}7" such that
forany t€ T, g(p.) (t) = p.(g7(1)).

It is my opinion that any intuitively plausible tense operator
ought to have an invariant tense for its meaning. Thus the re-
striction to invariant tenses is from an intuitive point of view no
essential limitation at all.

The time structures that the first theorem considers are the
dense linear orderings without endpoints. Let X, be the class
of these orderings. Let F; be the class of all Xy-invariant tenses.
I will construct, for an arbitrary set of predicate symbols and
individual constants which contains at least one predicate symbol,
a referentially complete interpretation M=<U, R, H, 0) for
Cs), o(N), relative to some member J of X, such that (i) if
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C;,, o contains a sentence 4 satisfying the condition of Theorem 4
then there is a sentence y of L5, o(N) which is true in M only
at 0; and (ii) every sentence @ of L;, o is either true at no point,
or else at infinitely many. This will show that it is impossible to
eliminate N from v in the sense of Theorem 2.

For simplicity I will assume that Q contains only one element,
the 1-place predicate letter Q}. It can be seen from the construc-
tion below—and will be argued after the construction has been
given—that this assumption is not essential.

Let Q' =QVU{c;:i€w}. T will be equal to T'U {0}, where T’
is a set of rational numbers different from 0, M the quadruple
{w, R, H, 0); for every t€ T, R(Q}) (t) will be an infinite, coin-
finite subset S; of w,13 such that (a) for every t € T there aret' < t
and t""> t such that S;NS,=S,-NS,=0; and (b) for every t€T,
S;NSe#0. H will be a 1 -1 function mapping each ¢; onto the
(constant) function from T to {i}. In view of (a), (b) we have that

(1) the sentence L(3vy)(Q1(v,) A NQ}(¥,)) is true in M at O but
at no other moment.

Moreover, the sets S, for t € T’ will be defined in such a way that
(2) each sentence of L5, o is true eitherat allt € T, or else at no t.

In order to describe the construction I will first make a few
remarks on a certain kind of Boolean algebra, whose properties
will play an important role in that construction, as well as in the
argument which follows it.

Let U be an infinite set and U a subset of P(U). For any finite
subsets K, L of U let U(K, L) be the set of all members V of
U such that KcV and LNV =0. Let B(U, U} be the Boolean
algebra generated by the sets U(K, L) under the operations of
finite set theoretic union, intersection, and complementation
relative to P(U). One easily verifies that B(U, U) is generated by
the sets of the forms U({u}, 0) and U(D, {u}), and consequently
that for every element V of B(U, U) there is a number k<1 and
a function B such that Dom B={1, ..., k} and fori=1, ..., k B,

13 A subset K of w is coinfinite iff w — K is infinite.
18 — Theoria 3:1971
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is a pair of finite subsets B}, B2 of U and V=U%_, U(B}, B?).
Such a function B will be called a representation of the element V.
I will write U(B) for U%_, U(B:, B?).

Now let S be the set of all infinite, coinfinite subsets of w.
Then, whenever K, L are finite subsets of w, and KN L=0 then
S(K, L)#9; and thus every representation B such that for some
i€Dom B, B!NB2=0 represents an element of B(w, §) different
from 0. Exactly the same properties hold for the algebra B(V, ¥)
where V is the set {»,, v, ...} and V¥ is the set of all infinite, coin-
finite subsets of V. The algebras B(w, §) and B(V, ¥) are of course
isomorphic. In fact, let us understand by a perfect assignment a
1 -1 function from V onto w. Then for any perfect assignment h
and finite subsets K, L of V {h(W): W € ¥(K, L)} = S(h(K), h(L)}—
so that h induces an isomorphism between B(V, ¥) and B(w, $).

T’ and the sets S, for t € T’ are constructed as follows. Let Rat
be the set of rational numbers, and let < be the natural ordering
on Rat. Let {r;}x. be an enumeration of Rat—{0} without
repetitions. Let {J;},c» be an enumeration of all pairs of mutually
disjoint finite subsets of w. Let W be an enumeration of all pairs
(i, —1> and {i,+1) and all triples i, j, k> where i, j, k€Ew and
i#j. Let {E,} be an enumeration of all members of §.

For n=0, 1, 2, ... construct a pair <{i,, S,> consisting of a
natural number i, and a member S, of §, and a subsequence W,
of W as follows:

(i) (g, Soy =<1, Ep> ; Wy=W.
(ii) Suppose that for m £n <i,, S,.> and W,, have been constructed.

Let w be the first element of W, such that either

(a) w=i,+1) and i=1i, for some m <n; or
(b) w= i, —1) and i =i, for some m <n; or
(c) w={i,j, k), i=i, and j =i, for some m, m’ <n.

(It will be clear from the construction that W, does indeed con-
tain such an element w). In case (a) let i,,; be the first natural
number different from iy, ..., i, such that r; __ is a rational num-

ber > r; , and let S, be the first member of 1{E o} different from
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So, --., S, which is disjoint from S,,. In case (b) let i,,,, be the first
number different from i,, ..., i, such that r, , is a negative ratio-
nal number < 7, ; let S, be as under (a). In case (c) let i,, be
the first number different from i, ..., i, such that r; __is between
r;, andr; ,andlet S,,, be the first member of {E.} different from
Sor +--r S " which belongs to $(J;). In all cases (a), (b), (c) let W,
be the sequence which we obtain when we eliminate w from W,.
Let T={r; : n€w}U {0}, and let J=(T, <), where < is the nat-
ural ordering of T. For t€T, t#0 let S,=S,, where t=r, ; and
let S, be a member of § which has at least one member in common
with each S, where t€T, t#0. We show that the interpretation
{w, R, H, 0) has indeed the properties (1) and (2). That (1) holds is
clear. It is somewhat less obvious that (2) is true. The next few
pages will be concerned with showing that this is so.

Let n,, ..., n, be a sequence of distinct natural numbers. For
Kc{v, ..., vi} we understand by ‘K(n,, ..., nk) the set h(K),
where h is any perfect assignment such that for i= ., k, h(v;)=
n; for any representation B in the range of whxch occur only
subsets of {»,, ..., v} understand by B(n,, ..., n;) the function
which assigns to each i € Dom B the pair (BY{(n,, ..., ny), B{(n,,

., 1)) ; for any formula ¢ of C;,, o all free variables of which are
among ¥, ..., ¥y, let ¢(ng, ..., n;) be the formula [¢] ¢, /v, ...,
¢,,/v:. For any sentence ¢ of L5, o let T(gp) be the set of all
t €T such that [¢]%%=1. For any representatlon B of an element
of B(w, §) let T(B)= {t €T: S, € S(B)}.

It is a well-known fact of ordinary predicate logic with iden-
tity that for every formula ¢ there is a logically equivalent for-
mula ¢’ satisfying the condition that

(3) every subformula of ¢’ which begins with a quantifier is
either of the form
@v) (~vi=v, A...A~v;=v; Ay)or of the form
(Vr) (~vi=vi A .. A ~v, v .~ %), where v,

., ¥, are
all the free variables of .

iy e

One easily verifies that this is also true for the languages £; 4
and L, o(N), in the sense that for any formula ¢ of £;, or
Ly, o(N) there is a formula ¢ satisfying condition (3) such that
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@ < ¢ is X-valid (whatever X may be!). Formulae which satisfy
(3) I will call restricted.
I will show that

(4) for each formula ¢ of C; o the free variables of which are
among {,, ..., ¥;} there is a representation B(g) in the range
of which occur only subsets of {»,, ..., v;} such that for any
choice of distinct natural numbers n, ..., n,, T(p (n,, ..., n,)

= T(B(@)(ny, ..., ni)); either B(g) is {<1,<{w}, {w}>>}, or
else for eachi€ Dom B, BINB2=4.

I will prove (4) by induction on the complexity of restricted
formulae. In view of the equivalence of each formula with a re-
stricted formula this will establish (4) for all formulae of G5, o~

If ¢ is the formula ¢; put B(p)={<1, {{v,}, {ro}>>}; if ¢ is the
formula v, =v,, put B(e)={<1, {{r;}, 05>, <2, <0, {v;}>)>}; if @ is the
formula v;=v;, where i=j, put B(p)={{1, {{r,}, {vo}>>}; if @ is
the formula Q}(v), put B(g) = {<1, <{»;}, 9>)}.

Suppose that g=C?(¢g, ... ¢,) and that fori=1, ..., n B(¢) has
been determined. Let g, ..., 0o be all formulae of the form
YiA... Ay, wherefori=1, ..., ny,is ¢, or v, is ~@,. It follows
from our remarks on the Boolean algebras B(w, §) and B(V, V)
that there are, for s=1, ..., 2", representations B, such that for
any distinct natural numbers n,, ..., n,, T(e,(n,, ..., nx))=T(B,
(n, ..., ny)). Thus for each s it is the case that either for all choijces
of distinct numbers ny, ..., n, T(o,(n, ..., n,)) is empty, or else for
all such choices T(g,(1tg, ..., ns)) is dense in J. Moreover, the
non-empty sets T(o,(n,, ..., n;)) form, for any such choice, a
partition of T.

Nowlett, t' € Tand letn,, ..., n,, and m,, ..., m, be two choices
of k distinct natural numbers such that for some s<2" t € T(p,
(ng, ....,n;))and ¢’ € T(g, (my, ..., m;)). Then by a simple general-
ization of Cantor’s argument, there is an order-automorphism g
of J such that g(t)=t" and for i=1, ..., n g(T(@.n,, ..., n)))=
glopdm,, ..., my)). Since F(i) is {T}—invariant it follows that
te€T((CHey, ..., @a)) (Mo, ..., n)) iff ' €T((CHopy ... 1)) (m, ...,
m,)). Let s,, ..., s, be all those numbers s <2" such that for any
distinct ny, ..., ny, T(o(ng, ..., 1)) € T((CHey ... @) (ng, ...,
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n,)). Now let B(¢) be a representation the range of which is the
union of the ranges of B, , ..., B, . Then B(¢) stands in the by (4)
required relation to ¢.

Suppose that ¢ is a formula beginning with an existential
quantifier, of which all free variables are among v,, ..., v;. For
convenience let us assume that ¢ is the formula

(B (~Vi1=Po A .. A~V = VA Y).

Suppose first that B(y)={<1, {{»}, {ve}>>}. Then for any choice
of distinct ny, ..., ny, ey, TW(n, ..., My Nerq)) =0. So T(g(n,,
..., 1)) =0 for all distinct n,, ..., n,. So we may put B(p)=1{{],
{vo}, {ve}>>}. Now suppose instead that B(y) = {<1, {{vo}, {re}>>}.
Assume that Dom B(y)=1{1, ..., p}. For each i<p let C:=B} -
{ver1}, C2=B2 —{v,4}. I claim that

(5) for any choice of distinct ny, ..., n;
T(‘P("o: LRy nk)) = Uiép S(C%(”o: teny nk)l C?("o; sery nk))

To show (5) first suppose that t € T(p (n,, ..., ny)). Then there is a
number ny#n,, ..., n, such that t€ T(p(n,, ..., ny, Nei1)). So
t € §(B(ny, ..., ns, nia), Biny, ..., 1y, Nyyq)) for some i<p. So
Bi(n,, ..., ny, n.1)CS; and B¥(n,, ..., Ny, n,1)N S, =0. So Ci{n,,
vo., 1)ES, and C2(ng, ..., n)NS,=0. So t€U,<,S(Cln,, ...,
ni), Ci(n, ..., n;)). Now suppose that t € S(Cl(n,, ..., ny), C¥(n,,
.., ny)) for some i<p. Since BINB? = 0, v, ¢ B! or v,,, ¢ B2
Suppose that v,,, ¢ Bl. Let n,,, be a number not in S,U{n,, ...,
n,} (such a number exists as S, is coinfinite). Then Bi(n,, ..., n,,
Ner) = Clng, ..., ny) and B2(mgy, ..., 1y, 1) NS, = 0. So
S, € S$(Bi(ny, ..., Ny, Nira), Biny, ..., ny, nip)). So t€T(y (ny, ...,
Ny, Ney1)) € T(@(ng, ..., n)). The case where v, &€ B? is treated
similarly. Now let B{g)={<i, <C}, C®: i=1, ..., p}. Then B(p)
stands in the required relation to ¢. This completes the proof
of (5). The case where ¢ begins with a universal, rather than an
existential, quantifier is treated in exactly the same way. This
completes the proof of (4).
Every set T(B(¢) (n,, ..., ni)) is either empty or else dense in T;
it follows from (4) that this is true also of the set of all t € T where
a given sentence of L;, o is true in M. In particular, since for
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every pair of disjoint finite subsets K, L of {», ..., v,} and every
t € T there are distinct numbers n,, ..., n, such that S, € S(K(n,,
.o.y 1), L(no, ..., n;)) a sentence of L, o will either be true in M
at all ¢, or else false at all ¢.

The assumption, made earlier, that Q' contains only the predi-
cate letter Q}, can be considerably weakened. In fact, all we have
to assume about Q is that it contains at least one predicate letter,
of one or more places. That this assumption suffices can be seen
as follows. Let us first assume that Q contains only predicate
symbols. For any predicate letter @} € Q let the interpretation
R(Q7) in the constructed interpretation M be defined by R(Q7)(t)
={(my, ..., m,> :my€S, and my=m,=...=m,}. Then clearly
the sentence L(3vy) (@7(vo ... vo) A NQ?(v, ... ¥g)) is true only at 0.
Associate with every formula @7(v, ... », )} where for some r,
s<n, v; #v;, the representation {<1, Avel, {%1>>} and with
every formula Q2(v; ... v,) the representation {(1, {{v,}, 0>>}.
One easily verifies that in either case the representation stands in
the by (4) required relation to the formula. This, together with
the inductive steps proved above, establishes that (4) holds for
all formulae of Ly, o so that sentences of L;, o are again either
true nowhere or else at a set of moments which is dense in 7.

Now suppose that Q contains individual constants as well. Let
¢; be one of those. Let J be as before. The interpretation T will
now have the form (0 U {w}, R, H’, 0), where R(Q?) is defined as
before; R(cs) (t)=w forall c,€ Qand t€ T, and H isa 1 —1 func-
tion from a set of constants not in Q onto the set of constant
functions from T into w U {w}. We can again prove (4) by induc-
tion, now restricting attention to formulae in which every sub-
formula beginning with (3v,;) or (Vv,) is of the form (Iv,) (~v,=
Vi hoooA ~V=Vo A~V =cgAp), Of (Vo) (~v=v, A A ~v;=
v, A ~v =cg—> ), respectively; and associating with every
atomic formula Q%(8,, ..., B.), where at least one f; is a constant
in Q, the representation {{1, {{v,}, {vo}>D}.

The above results can be summarized in the following

THEOREM 6. Let X be a class of partial orderings which contains
at least one dense linear ordering without endpoints. Let F be an
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indexed family of tenses which are X-invariant. Let Q be any set of
predicate letters and individual constants which contains at least one
predicate letter. Then there is a sentence y of Ly, o(N) such that for
no sentence @ of L5, qis v <> ¢ K-valid.

The second theorem of this section is concerned with discrete
orderings. I will construct an interpretation relative to the integers
(regarded as a linearly ordered structure) in which again a sentence
containing N is true only at 0, while all sentences not containing
N will be true either nowhere or else at arbitrarily large positive
and negative integers. This result will not be as general as Theo-
rem 6, however, since it will only apply to languages £, o and
C,, o(N). For the construction I will assume that Q={Q}}. As in
the previous proof this assumption can be weakened to the
hypothesis that Q contains at least one predicate letter.

Let T’ be the set of all integers different from 0, and let T=
T'U{0}. The interpretation M will again be of the form <{w, R,
H, 0y, where H is as before and R(Q}) () is a member S, of S. I will
now describe the construction of the S,. The idea is to construct
successively Sy, S_;, Sa, S_s, etc., and finally S,. Let {E.}a<s0 and
{Jt}x<w be the enumerations used in the previous proof. Let
{is}s<o be the enumeration of the integers different from O which
starts with 1, —1, 2, —2,... and continues in the obvious way.
Let W be an enumeration of all pairs (i, —1) and i, +1), where
i is an integer =0, and all pairs <k, —2> and {k, +2), where k
is a natural number. I construct for n=0, 1, 2, ... infinite, coin-
finite subsets S’,, of w and subsequences W, of W as follows:

(1) Let S'y=E,, W,=W.

(2) Suppose that S',,, W,, have been constructed for m<n. (a)
Suppose that i,,, is positive. Let w be the first member of W,
such that either w={, +1) and i=i,, for some m=n; or w=
Kk, +2>. fw= {3, +1) let §',,,, be the first E, not yet used which
is disjoint from S,,; if w=(k, +2) let §',,, be the first E, not yet
used which belongs to $(J,). (b} Suppose that i,., is negative.
Let w be the first member of W, such that either w=<i, —1) and
i=i, for some m=n; or w=<k, -2); f w={, —1) let §',,; be
the first E, not yet used which is disjoint from §,,; if w=<(k, -2)
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let S’ be the first E. not yet used which belongs to $(J;). In
each of the cases under (a) and (b) let W,,, be the sequence which
results if we omit w from W, Let, for each t€T’, §,=S',, where
t=1i,. Let S, be an infinite, coinfinite subset of w which contains
an element from each S, such that t € T'. One easily verifies that
(i) for each t € T’ there are t' < t and t”’ > t such that S,NS,=
S,NS,=0; and (ii) for any disjoint finite subsets K, L of @ and
t€T there are t’ < tand t”’ > t such that Sy and S;» belong to
S(K, L). From (i) follows that the sentence L(3%,)(Qi(v,) A NQ}
(v)) is true in M only at 0. (ii) enables us to prove that condition
(4) holds (for formulae of £, o). Again the proof is by induction on
restricted formulae. It proceeds along the same lines as the argu-
ment given above, the only difference being that the inductive
step where ¢ is of the form C(g, ... ¢,) is now replaced by the
two special cases where ¢ is Gy or Hy. I will consider the case
where ¢ is Gy. Suppose that ¢ is Gy and that B(y) has been de-
fined. If Y(B(y)) consists of all infinite, coinfinite subsets of V'
then for every choice of distinct natural numbers n,, ..., n, (where
I assume that all sets which occur in the range of B(y) are included
in {»y, ..., v.}), and every t €T y(n,, ..., n,) is true at t. So Gy
(ng, ..., ni) is true at all t, and we may therefore put B(gp) ={<1,
{0, 0>>}. Now suppose that W(B(y)) does not consist of all infinite,
coinfinite sets of variables. Then, by our remarks on the Boolean
algebras B(w, §) and B(V, ) there are finite sets K, L of variables
such that WK, L)NYB(y))=0. Let t be a member of T, n,, ..., n,
distinct natural numbers. By (ii) there is for everyt€T at’ > t
such that Sy € S(K(n,, ..., ni), L(ny, ..., ny)). Therefore y(n,, ...,
n,) is not true at t. Thus for each choice of distinct n,, ..., n; and
each t€T ¢(n,, ..., n,) is false at ¢t. Thus we may put B(p)=
{<ll <{v0}; {v0}>>}
The above argument yields the following

THEOREM 7. Let Q be a set of predicate letters and individual con-
stants which contains at least one predicate letter, and let X be a class
of partial orderings which contains at least one ordering which is
isomorphic with the integers. Then there are sentences y of L, o(N)
such that for no sentence @ of £,, g is y <> ¢ X-valid.
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